Characterization of the multipartite mixed state entanglement is still a challenging problem. Since due to the fact that the entanglement for the mixed states, in general, is defined by a convex-roof extension. That is the entanglement measure of a mixed state ρ of a quantum system can be defined as the minimum average entanglement of an ensemble of pure states. In this Letter, we give an explicit formula for the polynomial entanglement measures of degree 2 of even-N qubits mixed states that is similar to Wootters formula in [1]. Then we discuss our findings in the framework of X density matrices and show that our formula for this type of density matrices is in the full agreement with the genuine multipartite (GM) entanglement of these states.
I. INTRODUCTION
A fundamental element of quantum information science is quantum entanglement. Quantum entanglement is a physical phenomenon that occurs when pairs or groups of particles interact in ways such that the quantum state of each particle cannot be described independently of the others. Such phenomena were the subject of a 1935 paper by Einstein, Podolsky, and Rosen [2] and several papers by Schrdinger shortly thereafter like [3] describing what came to be known as the EPR paradox. Quantum entangled states are crucial resource and play key roles in quantum information processing such as quantum teleportation [4] , quantum cryptography [5] and quantum computation [6] . An entangled system is defined to be one whose quantum state cannot be factored as a product of states of its local constituents. If a pure state |ψ ∈ H 1 ⊗ H 2 ⊗ ... ⊗ H n -H i is the Hilbert space of the i-th subsystem-can be written in the form |ψ = |ψ 1 ⊗ |ψ 2 ⊗ ... ⊗ |ψ n where |ψ i is a pure state of the i-th subsystem, it is said to be separable, otherwise it is called entangled. When a system is in an entangled pure state, it is not possible to assign states to its subsystems.This will be true, in the appropriate sense, for the mixed state case as well. A mixed state of the composite system is described by a density matrix ρ acting on
.., {ρ k n } which are mixed states of the respective subsystems such that
where k p k = 1. So far, different measures of entanglement for mixed quantum states is introduced like the entanglement of formation [7] , the entanglement cost [8] and the distillable entanglement [7] . All of these measures are common in the some properties: They arrive to zero for each separable state, are invariant under local unitary transformations, and are never increasing on average by local operations and classical communication (LOCC) [9] [10] [11] . The latter property meaning that the entanglement measure is a so-called entanglement monotone. One of the ways to determining the entanglement of a pure quantum states is a polynomial function in the coefficients of states which are invariant under stochastic LOCC (SLOCC) and play a critical role in the investigation of entanglement measures. The polynomial function P of degree l of a system of m qudits is defined as:
for a constant κ > 0 and an invertible linear operator L ∈ SL(l, C) ×m representing the SLOCC transformation. The absolute value of any such polynomial with l ≤ 4 defines in fact an entanglement monotone [14] . For two and three qubits, the concurrence and the threetangle are polynomial invariants of degrees 2 and 4, respectively [1, 15] . Many efforts have been done over the last decade on the study of polynomial invariants for four or more qubits [12, 13, 16, 17] . A polynomial invariant E is extended to mixed states by means of the convex roof that is the largest convex function on the set of mixed states which corresponds to E on pure states, given for a mixed state matrix ρ by:
where {p i , |ψ i } is the ensemble of a pure state for the given density matrix ρ such that i p i = 1. The ensemble that minimizes E(ρ) is called optimal. Any convex hull of all pure states that is vanished E, called zeropolytope and in the outside of this convex hull, it will never vanish. In [1] , Wootters find an explicit formula for the entanglement of formation of a pair of qubits as a function of their density matrix. In this paper, we first explain the concept of polynomial invariant of degree 2 for even-N qubits of pure states. The absolute value of this invariant is entanglement monotones. Then following Wootters [1] , we find the exact formula of this polynomial invariant of degree 2 for any even-qubits density matrix.
II. POLYNOMIAL INVARIANT OF DEGREE 2
A function that quantify the entanglement of quantum states must be non-increasing (on average) under stochastic local operations and classical communication (SLOCC) where is so-called an entanglement monotone [18] .
Here we investigate the polynomial invariant of degree 2 as an entanglement measure for any even-N qubit quantum states. Generic pure N-qubit states are of the form
where , due to normalization,
For any even-N qubits pure quantum state, the degree-2 invariant is defined as: (2) where summation is over the repeated indices that values are 0 and 1, and ε is the SL(2,C)-invariant alternating tensor
Note that for any odd-qubits pure quantum state, this invariant is zero.
As the same way, given a density matrix ρ of the quantum systems with N-qubits that N is even, consider all ensembles of pure states |ψ i1,i2,...,iN with probabilities
where for any pure state, the polynomial invariant of degree 2, C(ψ i1,i2,...,iN ), is defined as the Eq(2). The degree 2 invariant of this mixed state ρ is obtained by the convex roof concept that the degree 2 invariant defined first on the set of pure states and then extended to the set of all mixed states by minimizing its average value over all possible convex decompositions of the given state ρ into pure states [7] :
The decomposition(s) {p i1,i2,...,iN , |ψ i1,i2,...,iN } realising the minimum value of Eq(4), is (are) called optimal. Wootters in [1] showed how to find the optimal decompositions for the most simple bipartite cases where enables us to compute the concurrence, analytically for the arbitrary two-qubits mixed states. In [20] , the problem of determining the amount of entanglement of rank-2 state with any polynomial entanglement measure is seen as a geometric problem on the corresponding Bloch sphere. In [21] , Osterloh and co-workers provided a non-trivial lower bound for the convex roof by means of the two concepts: zero-polytope and convex characteristic curve. In [22] [23] [24] [25] [26] found the explicit expressions for the three-tangle and optimal decompositions for three-qubit mixed states of rank-n(n=2,3,..., 8) examples. In the next section of this letter, we offer the exact formula of the polynomial invariant of degree 2 for any even qubit mixed state.
III. EXACT FORMULA FOR THE EVEN-QUBIT DENSITY MATRIXS
In [1] , Wootters found the exact formula for an arbitrary state of two qubits by means of the measure of entanglement is called the entanglement of formation. In this letter, we obtain a similar formula for any even-qubit quantum system by means of degree-2 polynomial invariant. Let us first consider a pure state |ψ of even-N qubit state. The degree-2 invariant C(ψ) of this state is defined to be C(ψ) = | ψ| ψ |, where the tilde represents the "spin-flip" operation
Here |ψ * is the complex conjugate of |ψ in the standard basis {|0...0 , ..., |1...1 }, and σ y is the Pauli operator 0 −i i 0 . Similarly, for a general state ρ of even-N qubits, the spin-flipped state is
where again the complex conjugate is taken in the standard basis. We express the main result of this letter that is the exact formula for the polynomial invariant of any even-N qubits mixed state as the following theorem:
Theorem: The polynomial entanglement measure of degree-2 for any even-N qubits mixed state ρ in the binary form is given by:
where the λ i1,i2,...,iN are the eigenvalues, in decreasing order, of the Hermitian matrix as:
Note that each λ i1,i2,...,iN is a non-negative real number and that the all of i 1 , ..., i N cannot be zero simultaneously. The proof of this formula is similar to the proof of the Wootters in [1] . The general algorithm is as follows:
First, find a complete set of orthogonal eigenvectors |v i1,i2,...,iN corresponding to the nonzero eigenvalues of ρ and subnormalize these vectors so that v i1,i2,...,iN |v i1,i2,...,iN is equal to the i-th eigenvalue: |v i1,i2,...,iN = √ p i1,i2,...,iN |ψ i1,i2,...,iN . So the density matrix of ρ is written as:
Then we form the symmetric but not necessarily Hermitian matrix of τ i1,i2,...,iN ,j1,j2,...,jN = v i1,i2,...,iN | v j1,j2,...,jN . The unitary matrix U that diagonalizes the τ , obtain the other decompositions of ρ called it |x i1,i2,...,iN such that:
and:
Note that the decompositions |x i1,i2,...,iN is related to |v i1,i2,...,iN by unitary matrix U. The diagonal elements of U τ U T can always be made real and nonnegative, in which case they are the square roots of the eigenvalues of τ τ * that are the same as the eigenvalues of R. On the other hand, if we consider the other decompositions of ρ as: |y 0,0,...,0 = |x 0,0,...,0 |y j1,j2,...,jN = i|x j1,j2,...,jN , f or j 1 , j 2 , ..., j N = 0 simultaneously,
then it can be proved that the average polynomial invariant of degree 2 for even-N qubits mixed states is as follows [1] : iN |y i1,i2,...,iN  y i1,i2,...,iN | y i1,i2 
where with no loss of generality, we consider that λ 0,0,...,0 is greater than the others. So the decompositions of {y i1,i2,...,iN } satisfy the polynomial invariant of degree 2 for any even-N qubits mixed state. Now, as the same way of the [1] , can be shown that for any other decompositions {|z i1,i2,...,iN } of ρ which related to {|y i1,i2,...,iN } by unitary matrix V as: iN j1,j2,...,jN |y j1,j2,. ..,jN , the average polynomial invariant of degree 2 for any even-N qubits mixed state is greater than C(ρ):
So there is no decomposition of ρ that can be lower than C(ρ).
As yet, we consider that λ 0,0,...,0 ≥ i1,i2,...,iN λ i1,i2,...,iN . Now, if consider the case λ 0,0,...,0 − i1,i2,...,iN λ i1,i2,...,iN ≤ 0, can be shown that the polynomial invariant of degree 2 for any even-N qubits mixed state for this case, is zero. In this case, there are the phase factors θ j1,...,jN that can be chosen such that the polynomial invariant of degree 2 for any even-N qubits mixed state is zero for the following set:
Note that such of these phase factors satisfy:
..,jN = 0. The convex combinations of the set of |z i1,i2,...,iN z i1,i2,...,iN | form zero-polytope that is the convex set of density matrices by vanishing the degree 2 polynomial invariant. Outside there is no other state with zero degree 2 polynomial invariant.
IV. EXAMPLE
In this section we compare our formula of polynomial invariant of degree 2 for the even-N qubits mixed states and genuine multipartite concurrence [27] by an example. A system consisting of N qubits is said to has genuine multipartite entanglement if each qubit is entangled with all of the other qubits and not only to some of them. A pure N-qubit state |ψ , is called biseparable if it is separable under some bipartition. In other words if the pure state |ψ can be written as |ψ = |φ 1 ⊗ |φ 2 , the state is biseparable. We denote this biseparable pure state as |ψ B.S . A mixed state is biseparable if it can be written as ρ
S k might be biseparable. One of the measures to compute the genuine multipartite entanglement is genuine multipartite concurrence that for a pure state |ψ is defined as:
where τ represents the set of all possible bi-partitions {A λ |B λ }, and ρ A λ is the reduced density matrix:ρ A λ = T r B λ (|ψ ψ|). For the mixed state ρ = i p i |ψ i ψ i |, this entanglement measure is defined as the average purestate GM concurrence:
where minimization is over all possible pure state decompositions of ρ.
In [27] , Rafsanjani and co-workers finded an algebraic formula for the N-partite concurrence of N qubits in an X matrix. The general form of X density matrix is given by: (16) where:
Here, we consider any even-N qubits of general form of X density matrix and compute C(ρ) by means of Eq.(6). The result is as following form: Eq.(17) is in full agreement with the C GM in [27] and show that our formula can compute the genuine multipartite entanglement of this type of density matrices.
In summary, one of the challenges in present quantum information theory is the quantification of multipartite entanglement in mixed states that can be obtained via the convex-roof extension. The convex roof is obtained by minimizing the average entanglement of a given mixed state over all possible decompositions of that state into pure states. We have focused here on the polynomial invariant of degree 2 for any even-N qubits state which is zero for any odd-qubits state. Then we have found the explicit formula for computing this invariant for any even-N qubits mixed quantum state. Finally we have tested this formula on general form of even-N qubits mixed state that is in X matrix form and have found complete agreement with GM concurrence. So our formula makes possible the easy evaluation of the genuine multipartite entanglement for X density matrices.
